In this Letter we give theoretical explanations for the recent observations of the excitation of Raman-shifting pulse pairs in solid-core photonic crystal fibers. The formation of these pairs is surprisingly common in the deep anomalous dispersion regime of a large variety of highly nonlinear optical fibers, away from zero group-velocity dispersion points. We have developed two different theoretical models, which agree very well in their conclusions. A qualitative and a quantitative explanation of pair formation is provided, and the existence of multipeak states is predicted. © 2010 Optical Society of America OCIS codes: 060.5530, 190.4370, 190.5650. Photonic crystal fibers ((PCFs) [1] ) are often used [2] for the generation of supercontinuum radiation, because they provide high nonlinearity and enhanced control over dispersive properties. Soliton formation, fission, and the Raman-induced frequency shift feature prominently among the nonlinear processes that give rise to supercontinuum generation in these fibers. One spectacular consequence is an unusual peak formation discussed as a model for rogue waves-a hazard for ships in the ocean [3] .
Photonic crystal fibers ((PCFs) [1] ) are often used [2] for the generation of supercontinuum radiation, because they provide high nonlinearity and enhanced control over dispersive properties. Soliton formation, fission, and the Raman-induced frequency shift feature prominently among the nonlinear processes that give rise to supercontinuum generation in these fibers. One spectacular consequence is an unusual peak formation discussed as a model for rogue waves-a hazard for ships in the ocean [3] .
Recently it was observed in [4, 5] that well-defined pairs of pulses spontaneously appear inside the supercontinuum generation that are subject to Raman shifting as a single entity. Quite naturally, the question arises whether these are bound pairs or not. Akhmediev et al. have found such pairs in a slightly different set of circumstances [6] . On the other hand, it was recently pointed out that two equal-power solitons can be Raman shifted while keeping their mutual separation, because as the frequencies shift, the relative phase cycles through 2π so that the interaction force is averaged out [7] .
In this Letter, we elucidate the issue by using two different approaches that, however, agree with each other in their predictions. Also, we test by direct numerical simulation and find good agreement. The framework presented here is much more general than previous approaches. In particular, we fully explain the role of Akhmediev pairs [6] and the condition for [7] in the context of the observations by Podlipensky et al. [4, 5] .
The nonlinear Schrödinger equation (NLSE) with an added Raman term can be written, in dimensionless units, as
where ψ is the dimensionless electric field envelope and Z and T are dimensionless space and time variables, respectively, rescaled with the second-order dispersion length L D2 ¼ t 2 0 =jβ 2 j and with the input pulse duration t 0 , where β 2 < 0 is the group-velocity dispersion (GVD) coefficient. ψ is rescaled with the power P 0 ¼ jβ 2 j=ðγt 2 0 Þ, where γ is the fiber nonlinear coefficient; see also [8] . The last term of Eq. (1), responsible for the Raman effect, produces a constant Raman self-frequency shift (RSFS) of solitons in silica fibers (see [8] [9] [10] ), τ R ¼ T R =t 0 being a small parameter, where T R ≃ 2 fs is the Raman response time for silica. RSFS leads to a constant negative acceleration of the soliton in the time domain [8] .
The first approach we propose here is based on a gravitylike potential; see also [11, 12] . In the reference frame of an intense accelerating soliton, by a Gagnon-Bélanger transformation ψðZ; TÞ ¼ f ðξÞ exp½iZðq − b 2 Z 2 =3 þ bTÞ with ξ ≡ T − bZ 2 =2 and b ¼ 32τ R q 2 =15, one obtains the following complex ordinary differential equation for f ðξÞ [6, 11] :
where q is the soliton wavenumber. If one neglects all the nonlinear terms, Eq. (2) would essentially correspond to the stationary Schrödinger equation for a unitary mass particle of energy q subject to a gravitational potential UðξÞ ¼ bξ [12] . Numerical solitary-wave solutions of Eq. (2) with single and double peaks for f ∈ were found in 1996 [6] . There it was found that for a given q, solitons always show an Airy tail on the leading edge of the pulse and the ratio r between the peak powers and the temporal separation ξ 0 of the maxima in the two-peak solution are mainly set by the material parameters, in particular by τ R . Here we prove that once the peak power (2q) and the position (ξ ¼ ξ 1 ) of the strongest soliton are chosen, the second soliton, with peak power 2rq (r ∈ ½0; 1) and position ξ ¼ ξ 2 , can be arranged only at a temporal separation ξ 0 ≡ ξ 1 − ξ 2 ≃ qð1 − rÞ=b; see Fig. 1 (a). It is also possible to arrange an arbitrary number of individual solitons into an ntuple, in an organ-pipe fashion. The strongest soliton creates a gravitylike potential in its leading edge, into which all the subsequent solitons with progressively decreasing peak powers can be fitted, according to the above qualitative geometrical relation; see Fig. 1(b) , where a four-peak soliton [exact numerical solution of Eq. (2)] is depicted. The formation of stable pairs can be explained through the following simple mechanism. The RSFS induces an increasing separation between two dissimilar solitons [9, 10] that can only be counterbalanced by intersoliton forces. A Lagrangian analysis similar to that of [13, 14] leads to a collision length
. By imposing the equality between the collision length and the separation length, one obtains a transcendental equation for r:
One can identify a special point in the parameter space, ðr; ξ 0 Þ (the magic point) where strict mathematical solitons (invariant in the time and frequency domains) can exist. We can now explicitly calculate the magic input power at which stable pairs appear. According to the theory of pulse splitting under the effect of the Raman perturbation [15, 16] , an intense pulse ψ in ¼ NsechðtÞ will split into N individual fundamental solitons of the kind ffiffiffiffiffi P j p sechð ffiffiffiffiffi P j p tÞ with scaled powers equal to ffiffiffiffiffi P j p ¼ ½2ðN − jÞ þ 1, with 1 ≤ j ≤ N. Two successive solitons (j and j þ 1) will have a peak power ratio equal to r when P jþ1 =P j ¼ r, whose solution is N mag;j ¼ ðj − 1=2Þþ ½1 − ffiffi ffi r p −1 . For r ≃ 0:73 (extracted from [4, 5] ), the first two solitons with stronger amplitudes (j ¼ 1 and j ¼ 2) will have the right peak power ratio for N mag ; 1 ≃ 7:4, which, within reasonable limits (considering the strongly qualitative nature of our argument), corresponds to the measured one, N mag ≳ 8 [4, 5] . The above observations are confirmed by direct numerical simulations of a generalized NLSE (GNLSE) with a full Raman term [8] in a fiber with constant GVD; see also Fig. 1(c) . A complete numerical study of the formation of Raman states from multiple sech-type pulse excitation will be published elsewhere.
In a different approach, we use a perturbation ansatz. The RSFS is included in linearized form (only the response time T R ) as in [6] . In our particlelike model, we consider the solitons as stable entities and calculate frequency shifts due to the Kerr and Raman effects, which we treat as forces acting on the solitons. We derive an expression for the interaction force (Kerr effect) of solitons with different powers. We write the two interacting solitons as sech-shaped pulses: U ¼ ffiffiffiffiffiffi ffi P U p sech½ðt þ σ=2Þ=T U expðiφ=2Þ and similarly for V. Here T U is the pulse duration, P U is the peak power, σ is the temporal pair separation, and φ is the initial relative phase. In our perturbative approach, the interaction force for U (and similarly for V ) depends on both pulses and is given by [7, 17] 
To implement the Raman effect, an approximate expression for the RSFS, as derived in [7] , is used. If the soliton condition
Þ=jβ 2 j is valid, one obtains a Raman force acting on U (and V ):
The RSFS accelerates each pulse individually; this is not an interaction. We follow the ansatz that the Kerr-induced attraction must be cancelled by the Raman effect. In other words, we demand a balance of forces. We call this the equal acceleration constraint. Then we calculate the net force d=dzΔΩ with ΔΩ ¼ Ω V − Ω U , where Ω U;V is the resulting net acceleration of U and V , respectively. In Fig. 2(a) , d=dzΔΩ (solid curves) is shown as a function of separation σ and peak power ratio r. Positive values imply attraction; negative values imply repulsion. The heavy solid curve marks the locus of all ðσ; rÞ points where both pulses undergo the same acceleration: here the equal acceleration constraint is fulfilled.
A stricter definition of a constant pulse pair shape is that the phase structure of the pair remains constant (except for trivial transformations such as a phase offset due to propagation, and a linear slope (tilt) of the phase due to a frequency shift of the pulse pair as an entity). This stricter condition is the constant phase constraint. We obtain an expression for the relative phase change d=dzΔφ, and the constant phase constraint demands that it is zero. In Fig. 2(a) also the evolution of the relative phase is shown in the same parameter range. The heavy dashed line marks the locus of all ðσ; rÞ points where the relative phase is maintained. There is an intersection with the locus of all parameters that satisfies the equal To compare the theoretical predictions, we performed propagation simulations with variations of r and σ. T R is fixed to 2 fs; other fiber parameters are given above. We settled for a fiber length of 10 soliton periods and ran 5 × 10 3 simulations. In each case we used the full width at half-energy (FWHE) of the double-humped structure, because this is a good metric for the separation of the pulse pair. The constancy of this value indicates stable propagation; thus, we need to look at the deviations. Figure 2(b) shows the absolute value of the maximum of the difference between the FWHE at launch point and at any later point. Those pairs that maintain their pulse separation are located near the equal acceleration line in Fig. 2(a) . The magic point occurs numerically at r ¼ 0:70; σ ¼ 177 fs, quite close to the predicted r ¼ 0:69; σ ¼ 170 fs. The evolution of the stable solution is shown in Fig. 2(c) in the spectral domain. Obviously no phase rotation occurs. In contrast, Fig. 2(d) shows a nearly equal soliton pair with a rapidly rotating relative phase (d=dzΔφ ≈ 7:9 rad=m close to the predicted 8:1 rad=m). This second case corresponds to the reduced soliton interaction [7] . Further details of this approach will be reported elsewhere.
In conclusion, both approaches described above lead to the same results. They identify the same set of parameters for the magic point, and numerical work confirms that at this point-and only at this point-do the spectral fringes stay put. This is consistent with previous results [6] , while providing a much more general framework that greatly clarifies the physics. Beyond that there are families of long-lived (metastable) pulse pairs away from the magic point that appear almost stationary but will eventually collapse. Our results clarify that the pulse pairs in [4, 5] were of this latter type. The same logic described here applies not just to pairs but to ntuples of pulses. Conditions (relative position and peak power ratios) are defined under which they remain together. One of the most obvious consequences is that the ntuple structures will always have a monotonic (organ-pipe style) peak power ordering, never alternating peak heights. 
